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Mean Field Kinetic Theory of a Classical
Electron Gas in a Periodic Potential. II.
Qualitative Analysis of the Mean-Field Solution
in One Dimension
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A qualitative analysis is made of the static and dynamic behavior of a one-
dimensional classical electron gas in a periodic potential in the framework of a
mean-field kinetic theory. The mean-field equations have been formally solved
elsewhere in terms of the trajectories of one electron in the mean-field
equilibrium potential, which determines the local electronic density. Taking
advantage of the relative simplicity of the mean-field expressions in one dimen-
sion, we study the effects of the temperature upon the local electronic density,
the static structure factor, and the spectrum of the fluctuations in the long-
wavelength limit. At high temperatures, the system tends to behave like a
homogeneous electron gas; however, the collective plasmon mode at zero
wavenumber is damped and shifted below the plasma frequency. At low tem-
peratures, the system behaves as an ensemble of independent electrons strongly
localized in the neighborhood of the fixed ions that create the periodic potential;
the plasmon mode then vanishes. We consider the physical relevance of these
predictions. They turn out to be quite reasonable, despite the failure of mean-
field theory to predict the phase of the model.

KEY WORDS: C(lassical electron gas; periodic potential; mean field,
equilibrium fluctuations; plasmon mode; damping; shift.

1. INTRODUCTION

In a previous paper’) (paper I), we established the mean-field equations
describing the static and dynamic behavior of a classical electron gas in a
periodic potential in & dimensions. This model is made up of point charges
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—e (the electrons) moving in the periodic potential created by smeared
charges e (the ions) fixed at the sites of a periodic lattice. It can be viewed
as a special version (the fixed-ion model) of the usual Coulomb gas with
two mobile species. In paper I, the mean-field equations were formally
solved in terms of the trajectories of one electron in the mean-field
equilibrium potential associated with the local electronic density. We also
studied the long-wavelength behavior of the static and dynamic structure
factors computed through the mean-field equations. It results from this
study that the system is always a conductor, at all temperatures and for
any d, in the framework of the mean-field theory. The present paper
(refered as paper I1) is devoted to an explicit and systematic analysis of the
mean-field solution in one dimension. In particular, the weak and strong
coupling regimes are studied in detail.

The equilibrium statistical mechanics of the one-dimensional Coulomb
gas can be worked out exactly.® This exact solution is used to show that
the two-component system is dielectric at all temperatures® from a static-
screening point of view. For the present fixed-ion model, exact solutions
are also available.®* When the ionic charge density is uniform, the model
is in a plasma phase at all temperatures.®’ When the former is nonuniform,
the model is always dielectric® and it should be insulating from a dynamic
point of view, if we assume the transport coefficients to be well-defined
quantities. Thus, the man-field predictions regarding the phase diagram are
completely wrong in one dimension. Nevertheless, as we shall see
throughout this paper, the mean-field theory correctly describes some static
and dynamic mechanisms. Since these mechanisms are independent of
space dimension, the present one-dimensional analysis is particularly useful
for understanding the general features of the mean-field solution in higher
dimensions.

This paper is organized as follows. In Section 2, we briefly recall what
the model is. The local electronic density is computed in terms of elemen-
tary functions in Section 3. Its high- and low-temperature forms are
investigated. The temperature dependence of the static structure factor is
also briefly discussed. In Section 4, we consider the spectrum of the fluc-
tuations in the long-wavelength limit. By taking advantage of the simplicity
of the trajectories in one dimension, we first reduce the formal mean-field
expressions in favor of more explicit formulas. This reduction allows us to
study the behavior of the collective plasmon mode in both high- and
low-temperature regimes. We summarize our main results and make some
comments in Section 5.
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2. THE MODEL

The fixed-ion model in d dimensions has been defined in paper I. Here,
the ions are fixed on a line at the positions X,=na, neZ, where a is the
lattice spacing. The Wigner—Seitz (WS) wunit cell is the interval
[ —a/2, a/2]. The mean electron density is p = 1/a.

In one dimension, the Coulomb interaction potential between two
electrons separated by a distance |x| is

$c(x])= —e’|x| 2.1)

For the sake of simplicity, we consider that the ions are point charges [i.e.,
6=01in Eq. (1.2.5)]. The corresponding ion—electron interaction potential
is

$iel|x) = —4.(Ix]) =e*|x] (22)

The excess equilibrium properties of the infinite system only depend on the
coupling constant I"= Be’a. The natural length and time scales are respec-
tively the lattice spacing a and the inverse of the plasma frequency w,=
(2¢’p/m)'”?. The Debye wavenumber is kp, = (2fe2p)">

3. THE LOCAL ELECTRONIC DENSITY AND THE STATIC
STRUCTURE FACTOR

In this section, we solve the mean-field equilibrium equations (1.3.10),
which determine at one and the same time the local electronic density p(x)
and the potential V(x). Both p(x) and V(x) are periodic functions of x/a
with period 1, depending on the coupling constant I Their asymptotic
forms when I'— 0 or I'— oo are investigated. Some considerations about
the qualitative behavior of the mean-field structure factor are also given.
We conclude the section with a brief discussion about the deficiencies and
the successes of the mean-field approach in the description of the static
properties of the model.

3.1. Calculation of p(x) and V(x)

In the present case, the coupled mean-field equations (I1.3.10) become

p(x)=p(0) exp{ — B[V (x)— V(0)1} (3.1)

and

o0

Vix)= —e? foo dx’ [x —x'| I:p(x’)— Y 5(x/—na)} (3.2)
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The solution of (3.1), (3.2) necessarily satisfies the neutrality sum rule

[ o=

’ dx p(x)=1 (3.3)
/2

because otherwise V(x) would diverge. This sum rule will be used as a con-
straint in our method of resolution. Since both p(x) and V(x) are periodic
and symmetric functions of x, we only have to compute these functions in
the interval [0, a/27.

As seen from Eq. (3.2), V(x) is nothing but the electrostatic potential
created by the point ions and the electronic charge distribution —ep(x).
Therefore, V(x) obeys to the one-dimensional Poisson equation

2 =}
d—I:(x)=Ze2 |:p(x)— Y 5(x—na)} (3.4)
dx e
B taking the restriction of (3.4) to the interval [0, a/2] with p(x) replaced
by the expression (3.1), we obtain a second-order differential equation for
the dimensionless potential V*(x)= [ V(x)~ ¥V(0)]. This equation is of
the Poisson—Boltzmann type and reads

n

d*v*
W(x): ~cki expl — V*(x)] (3.5)
for 0 < x < a/2, with the boundary conditions
V*0+)=0 (3.6)
dv*
I (0%) = pe? (3.7)

which are direct consequences of the definition of V* and of the Gauss
theorem, respectively (the eclectrostatic field, which is proportional to
dV*/dx, is discontinuous at the points na where the point ions are located).
In Eq. (3.5), ¢ is the constant ¢ = p(0)/p. This equation with the boundary
conditions (3.6), (3.7) can be solved by standard methods as shown in
Appendix A. The electronic density p(x) and the mean-field potential ¥(x)
are then computed through

p(x)=cpexp[—V*(x)] (3.8)
and
V(x)=V(0)+ kg TV*(x)

aj2
= —32 J‘
/

— 4,

dx |x| p(x)+ kg TV*(x)
2

I

a2
—eep j dx x| exp[ — V*(x)] + ks TV*(x) (3.9)
—af2
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[in the expression (3.2) for V(0), the integral over x’ can be restricted to
WS with the help of the sum rule (3.3)]. The constant ¢, which plays the
role of a free parameter in the present method, is determined by imposing
the neutrality constraint

fa/z dx p(x)=2cp j“ﬂ dxexp[— V*(x)] =1 (3.10)
0

—a/2

As shown in Appendix A, this constraint leads to the transcendental
equation

tg{ L2 [4e(I') — T2} = I'2/[4e(T) — ]2 (3.11)

which relates ¢ to the coupling constant I. The resulting expressions for
p(x) and V(x) are

p(x)=p [c(r)—ﬂ<1 +tg? {(%,L;ﬂ) rv [c(r) —ﬂmD (3.12)
Vix)= ”Iej" In (1 +tg? {G—[—z—') e [c(r) —ﬂm}) (3.13)

for |x| <a/2.

Let us briefly study the variations of p(x) and V{(x) in the interval
[0, a/27. The p(x) decreases monotonically from p(0)= pc(I') to p(a/2)=
ple(IY—T747 when x varies from 0 to a/2 [c¢({") is always larger than 1
and larger than 77/4], whereas V{(x) increases monotonically from V(0)=
e*aIn[1—I'/de(I)]/T to V(a/2) =0. Both p(x) and V(x) have a kink at the
origin x=10 (and at all the points x =ra), L., the first derivatives dp/dx
and dV/dx are discontinuous at x=0. This is due to the presence of the
point ion located at x=0 [by virtue of Gauss’s theorem, one has
dV/dx(0")=e*= —dV/dx(0)]. Furthermore, dp/dx and dV/dx vanish at
x=a/2 (and at all the points x =na + 4/2). In Figs. 1 and 2 we have drawn
the dimensionless quantities p(x)/p and V(x)/e’a, respectively, as functions
of x/a in the interval [ —1/2,1/2] for several values of I [p(x)/p and
V(x)/e*a only depend on x/a and I, as should be the case].

and

3.2. Weak and Strong Coupling Regimes

The weak coupling regime corresponds to the limit /"— 0 (high tem-
peratures or high densities). In this limit, ¢(I") goes to 1, and the local den-
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Plx)/P

I/a
-5 0 5

Fig. 1. Plot of p(x) as a function of x/a in the interval [ —1/2,1/2]. (~-) I'=1; (—) I'=35.

V(x)/ela

Fig. 2. The same as Fig. 1, with V{(x)/e’a in place of p(x)/p.
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sity p{x) given by (3.12) becomes uniform and equal to p: as expected, the
electrons are not sensitive to the periodic structure of the lattice. Replacing
p(x") by p in (3.2), we see that V(x) then reduces to the potential V,(x)
created by the ionic lattice and the uniform charge distribution —ep, ie.,
(IxI <a/2)

V(x)~V,(x)= —e*a/4 + e*|x| — e’px? (3.14)

when I'—> 0. Of course, the weak coupling form (3.14) of V(x) can be
recovered by taking the limit 7" — 0 in (3.13). The corrections to the weak
coupling forms of p(x) and V(x) are obtained by expanding the expressions
(3.12), (3.13) in power series with respect to I" (x being kept fixed). This
gives in particular

p(x)=p[1+r<é—%+%7l>+0(ﬂ)} (3.15)

for |x| <a/2.

The strong coupling regime corresponds to the limit I"'— oo (low tem-
peratures or low densities). In this limit, ¢(I") diverges and behaves as I7/4.
Inserting this asymptotic behavior in (3.12), we find that p(x) goes to zero
everywhere except at the origin (and at the points x=na), where p(0)
diverges like pI/4: the electrons are more and more trapped by the ions as
I' increases, and they are completely frozen at the lattice sites for I = co.
From (3.13), we infer the large-I" expansion of the difference ¥V{(x)— V(0),

V(x)— V(0)~ e%a {%m r~1F1n [47:2 <1 +cotg2§ﬂ +o <%>} (3.16)

which is valid for x fixed, 0 <|x| <a/2. The strong coupling form of V(x)
turns out to be a plateau for 0< [x| <a/2, i.e.,, V(x) becomes constant in
this domain and reduces to V(0)+ 2e%a(In I')/I" [ V(x) varies in a narrow
neighborhood of the origin].

3.3. The Static Structure Factor

The mean-field expression (1.5.6) of the static structure factor S(k)
here becomes

S(k) = k2T (k)/[k* + k2 T(k)] (3.17)

T(k), which is defined by the series (I.5.4), can be rewritten as

1) = | ”/2/2 dx p(x) E(x; k) (3.18)

—d,
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where £(x; k) is the solution of the integral equation

dck)=1-p [ a ) p ) sl - k) (319)

with
, & 2nn 2imn(x'— x)
Ys(xX' —x;k)=p 56<‘k—7>exp—(a——
n:#—ooo
& 2imn(x' — x)
— 2
=2¢%p ,,:Z_oo k—2mmja) P T 4
n#0
e’a (exp[ik(x' —x)] ak\ [x'—x
SR i ikt ATE D T - Kl x! —
5 { Sin(ak/2) zcotg<2>( p >exp[zk(x x)]
_2|x’—xl

4 a
exp[ik(x'—x)]—ﬁ}, |x'—x|<§
(3.20)

Note that the static propagator s is complex. Using the symmetry
relations

Us(x'—x; k) =ds(x—x k) =¢s(x'—x; —k),  p(—x)=p(x)

it is easy to check that T(k) and S(k) are real, even functions of k, as they
should be [the positivity property of S(k) is hard to prove]. Although the
kernel p(x") Y ¢(x" — x; k) of the integral equation (3.19) is known in terms
of elementary functions, we are not able to find a closed analytic expression
for &(x;k) and consequently for S(k). However, we can study the
qualitative dependence of S(k) on both k and I

First, we consider the small-k limit. The function T(k) is an analytic
function of k? in the vicinity of k =0. Furthermore, T(0) is strictly positive
at any temperature.’") Thus, the small-k expansion of S(k) reads

k> k>
S(k)=K—f)[1——7c—2+0(k4)] (3.21)

with k2=« T(0). As usual, k! is identified with the characteristic screen-
ing length of the electrons. The ratio kp/k, = 1/[T(0)]"* can be viewed as
a measure of the effect of the ionic “trapping” upon the electronic
screening. As shown in Appendix B, this ratio is always larger than 1, ie,
the electronic screening is weaker in the present system than in an
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homogeneous electron gas. In the weak coupling limit (I"— 0), 7(0) goes
to 1, while in the strong coupling limit {I"— o), T(0) goes to zero: the
ionic “trapping” is more and more efficient as I” increases [Fig. 3 shows the
qualitative variations of T(0) as a function of I'].

When k— G, (n#0), the static propagator Y ¢(x'— x; k) becomes
singular. However, T(k) remains finite at k=G, as shown in Appendix B.
Moreover, if we introduce the wavenumber g=k — G, belonging to the
first Brillouin zone BZ (lq| <m/a), we can express T(k) in terms of the
functions #,,(x; ¢) defined as the solutions of the integral equations

Nm(X; q) = exp(iG, x) — B fws dx’' n,(x" q) p(x") Y 5(x'— x5 q) (3.22)
We find in Appendix B

T(Gu+9)= (G, + 9 {@°T, (@) + k5[ To0(9) Trn(q) — Too(q) Ton(q)1})
x (G, +9)’Lq° + x5 Too(q)] — b T, (g)
— k[ T00(q) Tulq) — To,u(q) T,olg)]} (3.23)
with

Tonl@)= | _dxn,(x:q) p(x) exp(—iG,x) (3.24)

T(0)

Fig. 3. The qualitative shape of 7(0) as a function of I'.
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[Toolq)=T(g)]. Since T,,(q) is a real, analytic function of ¢ in BZ,
T(k)=T1(G,+q) and S(k) are analytic functions of k on the real axis. In
particular, T(k) is well defined at k=G, and reduces to

T(G,) = Grxp[To0(0) T, (0) — T,6(0) Tp,,(0)]
! G;21 K4D To0(0)— K?)[To,o(o) Tn,n(o) —T,0(0) TO,n(O)]

(3.25)

It can be checked from (3.23) (see Appendix B) that T(k) goes to 1 when
k — o0, and consequently so does S(k), as it should.

The behaviors of T(G,) in the weak and strong coupling limits give
some insight into the I” dependence of S(k). In Appendix B, the following
small-I" expansions are derived:

3

T(0)= 1~ g+ O(I™) (3.26)
T(G,,)=1—(a4GL)4+ o(I?*), n#0 (3.27)

and it is shown that 7(G,) [like T(0)] goes to zero when I" — oo. It results
from this that S(k) reduces to the usual Debye-Hiickel expression
k?*/(k* + k%) when I'— 0, while S(k) goes to zero when I'— oo (k fixed).
Furthermore, T(k) and S(k) should exhibit an oscillating structure for I”
finite (see Appendix B).

In order to give a simple interpretation and a clear meaning to the
previous features of S(k), it is useful to investigate their consequences for
the two-body distribution function p®)(x,, x,) of the electrons. The latter is
related to S(k) through

Sk)y=1 +Jio dx exp(ikx) Ji/z/z dx; [pP(xy, x, +x)—p(xy) p(x+x)]
(3.28)

Since S(k) is analytic on the real axis, the pair correlation function A(x)
averaged over WS,

h(x)=a f "

—a,

dxy [pP(x,, x; +x)— p(xy) p(x; + x)] (3.29)

decays faster than any inverse power of |x| when |x| — c0. In fact A(x)
should decay exponentially, like exp(—|x|/A,), where the screening length
A, is of the order of k;!. When I' -0, A, reduces to the Debye length
Ap=kp', and when I'— co, i, becomes of the order of a. The weak
coupling form of A(x) merely is —(I72)"?exp[—|x|(2I')*?*/a]. For I’
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finite, A(x) should oscillate [like S(k)]: these oscillations can be traced
back to the natural structure imposed by the periodic lattice. The large-I"
behavior of S(k) implies that 4(x) vanishes identically when I — oo, except
in a narow neighborhood of the origin. This means that electrons lying in
different cells become uncorrelated in the strong coupling limit. The latter
result is compatible with the asymptotic behavior of 4.

3.4. Discussion

The mean-field description of the static properties turns out to be
quite reasonable from a qualitative point of view. The main reason for this
is that the ionic “trapping” is properly taken into account in the mean-field
approach. The latter mechanism induces a strong localization of the elec-
trons in the strong coupling limit. In particular, the exact electronic density
should become very sharp near the ionic sites when I is large. At the same
time, the electronic screening should be weakened because the mean den-
sity of “free” electrons becomes very small. These expected behaviors of the
exact quantities are well reproduced by the mean-field theory. Further-
more, in the weak coupling limit, the mean-field expressions of p(x)—p
and S(k) (for k£#0) should become asymptotically exact.

Although some aspects of the electronic localization are correctly
described by the mean-field theory, it must be borne in mind that the
mean-field prediction regarding the phase of the system is wrong for any I".
This deficiency of the mean-field theory means that the small-k behavior
(3.21) does not coincide with the corresponding one of the exact structure
factor S.,,.(k). In other words, if we define T.,,.(k) through (3.17) with
Sexact(k) in place of S(k), Teraei(0) is always zero, in contrast to the mean-
field 7(0), which vanishes only for I'= oo.

Although the system is dielectric®® for any I', the behavior of the exact
structure factor has been analyzed introducing notions and quantities, like
the electronic screening or the correlation length, that usually characterize
a plasma phase. This analysis is allowed because the exact correlations
decay like exponentials at large distances.® This fact decay is a peculiarity
of the one-dimensional system, since in two dimensions, in the dielectric
phase, the correlations cannot decay faster® than 1/r*. This is due to the
fact that the electrostatic field created by a compact overall neutral cloud
strictly vanishes outside this cloud in one dimension. Finally, let us
emphasize that only the charges of the system are screened. On the
contrary, infinitesimal external charges are not screened, in agreement with
the dielectric nature of the system.
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4. THE SPECTRUM OF THE FLUCTUATIONS
In this section, we study the spectrum of the fluctuations in the long-

wavelength limit, which is characterized by the function

o S(k, »)
s(@) = hm =<5

(4.1)

where S(k, o) is the dynamic structure factor. The mean-field expression of
s(w) is™

s(w) = fo) (4.2)
mo{[1+R(0)]*+ (w)} '
with
R(w)=Re{ W (w)+ Wy(w)} (4.3)
Iw)=Im{W(w)+ Wy(w)} (4.4)

Introducing the complex frequency? @ = w + in (7> 0), one has”) [o(v) =
(Bm/2m)"? exp(— pmv?/2)]

i af2 o
W)= =2 | L [7 o px) 9(0)

— 0

x{lim fw dr exp(iQ1) [x..(; , v)—x]z} (4.5)

n—->0%Jo

Wiw)=id [ dx a(; ) p(x) {(x's ) (4.6)

—aj2

where a(x’; ®) is
a2 0
a(x’; w)= iwﬂj dx J dv p(x) o(v)
—a/2 — oo

] tim, [ drexplin et v o) =Tl — s 0)
(4.7)

2In paper I, the frequency w is complex and has a finite, positive, imaginary part #, which
ensures the convergence of the time integrals {& drexp(iwt)--- In the final mean-field
expressions, these integrals must be understood as limits when 7 — 07. In order to keep the
notations as simple as possible, here we redefine the complex frequency as £ = + i, where
henceforth @ is real.
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and {(x’; w) is the solution of the integral equation

(o) =1(x50) = B[ T3 0) ple sl =) o5 )]

(4.8)

with /

J(x', @) = i jw dv(p(v){lilgl fw di exp(iQt) [x..(t; X', v)—x’]} (49)
— 0 n—>0% Jp

and

l//D(x",x';w)zjw dvq)(v){lim jw dt exp(iQ0) Y o(x" — x,.(1; X, v))}

— o n—0% Jo

(4.10)

x,,(t; x, v) is the position of one electron at time ¢ moving in the mean-field
potential ¥(x) with the initial conditions x_,(0; x, v) = x and v,(0; x, v) = v.
It can be easily checked that s(w) is a symmetric function of w (as it should
be), ie., s(— ) = s(w). Henceforth, we shall study the behavior of s(w) for
positive frequencies (w > 0).

In Section 4.1 we perform a part of the multiple integrals that deter-
mine W, (w) and W,(w) by using simple properties of one-dimensional
motions in periodic potentials. The resulting expressions for W (w) and
W,(w) allow us to study the small- and large-w behavior of s(w), as well as
its weak and strong coupling forms. The influence of the coupling of the
electrons to the ionic lattice upon the collective plasmon mode is also
investigated. We conclude the section by a brief discussion about the
reliability of the mean-field predictions and their physical meaning.

4.1. Reduction of the Mean-Field Expressions

The trajectories determining the man-field quantities have the follow-
ing simple properties, which are quite useful in the reduction processes.
These trajectories are confined in WS if the energy E=mv*/2 + V(x) is
negative [the maximum of V(x) is V(a/2)=0], while they are unconfined
and go through an infinite number of cells if F 1s positive. For both
confined and unconfined trajectories, the velocity v, (¢; x, v) is a periodic
function of the time with a period T%(E) depending only on the energy F,

Xl E) m 1/2
4Tce(E)=4J0 dx <——2[E_ V(x)]> . E<0
T:(E)= (4.11)

a2 m 1/2
2TC€(E):2J;, dx (m) 5 O0<E

822/49/3-4-19
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In (4.11), x,,(E) is the turning point belonging to [0, a/2] for the confined
trajectories (£ <0), ie., x,{(F) is such that V(x,(E))=E. The position
x.(t; x, v) obviously obeys the time-translation properties

x.(t; x, ), E<0O

4.1
x.(t; x, v) + nsgn(v)a, O0<E (4.12)

x4 NTA(E); x, 0) = {

with » integer. The trajectories are entirely determined either by the initial
conditions (x, v) or by the variables (E, ¢,,) and sgn(v), with

[ ax <————m )1/2 E<0
. AE-V)1)
= LE= V0] (4.13)

o m 12
J o (2[E—V(x')]> - O<E

Furthermore, we have the simple relation
Xeo(t; X, v) =3gn(v) x(1 +sgn(v) [T (E) —1,,]; E) (4.14)

where x(¢; E) is the position along the trajectory corresponding to the
special initial condition (0, [2(E — ¥(0))/m]"?), ie.,

x(t; E) = x,,(t; 0, [2(E~ V(0))/m]'?)

The reduction operations are straightforward and rather tedious. Sub-
sequently, we briefly describe the main steps of these calculations. First,
using the periodicity of the velocity and (4.12), the time integrals
jgo drexp(i2t)--- are reduced to integrals over the finite interval
[0, T*(E)]. Note that this reduction involves the calculation of the
geometrical series 3.0, exp[inQT%(E)], which is convergent and equal to
1/{1 —exp[iRQT%(E)]} because 2 has a finite, positive, imaginary part.
For the mean-field quantities that involve averages over WS ® R with the
weight factor p(x) ¢(v), a second reduction is performed. For this purpose,
we switch from the variables (x, v) to the variables (E, ¢,,) (sgnov being
given). As shown in Appendix C, the Jacobian D(x, v)/D(F, t,) merely
reduces to 1/m. In this transformation, the weight factor p(x) @(v)
obviously becomes (part from a constant) exp(— SE), while the integration
ranges for E and ¢, are [V(0), ] and [0, 27T (E)], respectively. Using
relation (4.14) and the symmetry properties of x(z; E), the multiple
integrals

f dx dv p(x)q)(u)jw dt exp(iQ1) - -- (4.15)
WS®R Q
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are finally rewritten as simple integrals over E, where the integrants are
products of exp(— SE) by time integrals upon [0, T,.(E)] involving x(¢#; E)
and v(¢t; E). In particular, we find

_ —4Ip(0) exp[f¥(0)] w,
\/E ed’w

x lim JOO dE exp(— fE)
V(0)

n—0*

Wi(w)

y {P(QTce(E)) [ | Pt cos(Q1) v(t: E)]2

Tee(
4]

Teo(E) o E)
+ [ drsin(@)o(; B) |7 dt cos(Q1) o(1; E)
0
TCE(E) TCE(E)
+J dt’f dr sin(Qt — Qrt') v(¢; E) v(t’;E)} (4.16)
0 v

with

—tg[QTce(E)]a E<0

cotg[ QT (E)], O<E (4.17)

Par.(6)-|

W,(w) cannot be expressed in a form as compact as (4.16). However, the
various ingredients determining W,(w) take the following simplified forms:

_1I*7p(0) exp[BV(0)] w,

ﬁ e'a

a(x’; w)=

roo

x lim dE exp(—fE)

n—>0* JV(o)

x {Q(Q; T..(E)) LT“(E) dt sin(Q1) ¥ (<, x(1; E))

Teol
0

Tee(E) E)
+0 j dtsin(Qt)x(t;E)j dt cos(Q1) Y E(x', x(1; E))
4]
Tee(E)
+ [ de (s ) g, x( E)
0

Teel E) o
+Q j dt' x(t'; E) J dt sin(Qt — Q1) &9 (x', x(¢; E))}
0

0

(4.18)



700 Alastuey
with

YEIX, x) = hs(x" —x) = o(x" + x) (4.19)

and

Teel E)
te[QT.(E)] Q L dr sin(@Q1) x(1; E),  E<0

0(82: T ) = -
—cotg[QT..(E)] @ j T drsin(Q) x(, E)  (4.20)
0

o a
2sin[ QT (E)]

1
sin[ 2T%(x', v)/2]

O<FE

Wxs0)= tim [~ do (o)
n—0% Jo

TX(x',v0)
xj dt sin[Qt — QT*(x', v)/2] v, (t; X', v)  (421)
0

and

Ye(x"—x") + iy p(x", x'; o)

= — lim fw dv o(v)

7—0* Jg sin[QT%(x', v)/2]
Ta(x'v) QT*
xf dt sin [Qt ———M:I v, (t; x', v)
0 2
d
'ﬁss x"—x,(t; x', v)] (4.22)

For # finite, the integrants in [¥, dE--- or & dv--- are analytic
functions on the real axis. Their analytic continuations in the complex
plane have poles located at a distance proportional to n of the real axis.
The limits (when n — 0*) of the integrals |3, dE - and {& dv--- can then
be obtained by standard methods of the theory of analytical functions. In
order to illustrate this, we consider the integral

j dE exp(— BE) P(QT..(E)) UOT“(E)arzcos(gz)u(r;E)]2 (4.23)

V(0)

appearing in the expression (4.16) of W (w). The complex energy is
& = E + iy with E and p real. The singular points of the integrant of (4.23),
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which are close to the half straight line (V(0)< E, 4 =0), are simple poles
such that

(n+YHm,  V(0)<E<O

4.24
nm, O0<E (4.24)

ar.(#)-{

with n a positive integer. Up to the first order in #, these poles are &, . =
E,_ +ip,.and &, =E, . +iu, ., where E, _ and E, . are such that

oT (E, )=n+3)m,  V(O)<E,_ <0 (4.25)

and
ol (E,.)=nn, O0<E,. (4.26)

respectively, while g4, . and p, . are given by

(n+1/2)x
S 427
o< = = T AT JdE(E, )" (4.27)

and
nm
w?dT,JdE(E, ) "

> = (4.28)

Since T, (E) is monotonic increasing for E <0 and monotonic decreasing
for E>0 (see Appendix C), u, . is negative and p,, .. is positive, ie., &,  is
below the real axis and &, . is above this axis. Let &, be the contour orien-
ted as indicated in Fig. 4. The contour ¥, is the reunion of the real intervals

[V(0), Ey - —edo <]
[En,< +8An,<:En+1,<_8An+1,<]s O<n

(4.29)
[En+1,>+8An+1!>,En’>—8Am>:|, O<n
[E, - +ed,.,0[
and of the half-circles
C,.={6|6—E,.|=¢d, ., u>0}, 0<n
(4.30)

Co»=1{8516—E, |=¢4,.,u<0}, 0O<n

with 4, .=E, ,.—E, ., 4,.=E,.—E,,,.,and 0<e<1. Because
of Cauchy’s theorem, one has

[” dEexp(—BE) PRT.(E)-+ =| déexp(—p6) PQT.(&))-
V(0) b
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from which we infer that the limit of (4.23) when # — 0% reduces to the
integral over %, of the same function with w in place of 2. The latter, which
does not depend on &, is computed by taking the small-¢ limit; its real and
imaginary parts arise from the contributions of the intervals (4.29) and of
the half-circles (4.30), respectively. The contributions of (4.29) can be
rewritten as a principal part (22), while the contributions of (4.30) are
given by

—in E (n+1/2)n/wd . 2 w3t
w(che/dE)(E,K)eXp(_ﬁ n<) UO t cos(wr) v(t; n,<)J (4.31)
for C, . and

I nnfw ) 2
(AT JdEYE, ) PP Uo dt cos(w1) v(t; E,, > >] (432)

for C, ... The resulting expressions for Re{ W (w)} and Im{ W (w)} are

4I*2p(0) exp[ B¥(0)] w,

Re{ W, (0)} = —
C{ 1((0)} ﬁezazw
x PP f dE exp(— BE){ T..(E))
V(o)
Tee E) 2
X U dt cos(wt) v(t; E)]
0
TelE) Teel E)
+ j di sin(or) o(z; E) | di cos(w?) u(t; E)
0 0
Toel E) TE)
| dtsm(wt——cot’)v(t;E)v(t’;E)} (4.33)
0 t
and
4 32 p(0 V(0
(100} ST DO SO
 exp(—pE, ) (n+1/2)m/e> ' :r
" ‘{Z (@T../dE)(E, ) I dr costen) ot B

2 exp(—BE,.) [ , }
— ,12::1 m [L dt cos(wt)v(t; E, . )]
(4.34)



Classical Electron Gas 703

61>
&> .
g .83'> ¢ E1,> Ce

vio) B e TS \ﬁu E

b

Fig. 4 The oriented countour, %,. The locations in the complex plane (£, ) of the first poles
& <» 6. <, and & .., & . ... and of the corresponding resonant energies Ey ., E; ,.. and
E, . ... are also indicated.

Similar expressions for the real and imaginary parts of the ingredients
(4.18), (4.21), and (4.22) determining W,(w) can be obtained. It is not
essential to write down these expressions here.

At a given frequency o, the imaginary parts of W,(w) and W,{w) arise
from the resonant trajectories with the resonant energies E, . or E, _
satisfying the conditions (4.25), (4.26). These imaginary parts are well-
behaved functions of w, because the singular contributions of E, . and
E, . are smeared by the Boltzmann-factor-weighted integration over all
possible energies. Thus, s(w) is a well-behaved, nonvanishing function of w.
This means that the mean-field theory is able to describe dissipation at
finite frequencies.

4.2. Low- and Large-Frequency Behavior of s(w)

First we consider the small-w limit of s(w) (the temperature and the
mean density p being kept fixed). When v — 07", the resonant periods
(n+1/2)n/w and nnjw diverge; the corresponding resonant energies E, .
and E, . go to zero, while the derivatives dT/dE(E,, ) and dT . /dE(E, )
diverge exponentially, as

exp[(2n+ ) |d*V/dx*(a/2)]) "/ (m' )]
and
exp[2nm |4 V/dx*(a/2)| V) (m" %) ]



704 Alastuey

respectively (see Appendix C). Therefore, the imaginary parts of W,(w),
a(x’; w), y(x'; w), and [ o(x" — x") 4 iy p(x”, x'; w)] decay exponentially.
The leading terms of the asymptotic behaviors of the real parts of the
previous quantities are obtained by replacing the trigonometric functions
involved in (4.33) and (4.20)—(4.22) by their smali-w forms. This shows that
Re{W (w)} is O(l/w?), while Re{a(x;w)}, Re(y(x;w)}, and
Re{yg(x” — x')+ iwy p(x”", x'; w)} are O(1). The previous asymptotic
behaviors imply that Re{{(x;w)} is O(1) and Im{{(x’;w} decays
exponentially when @ — 0. Thus, we finally obtain

Re{ W, (0)} = O(1/w?) (4.35)
Re{ W, (w)}=0(1) (4.36)

whereas Im{W,(w)} and Im{W,(w)} decay exponentially as
exp(—const/w) when @ —0*. Using these behaviors in (4.2)—(4.4), we see
that s(w) decays exponentially in the zero-frequency limit. Therefore, s(0)
does vanish, in agreement with the general (valid in d dimensions)
semiheuristic analysis of paper I [note also that the asymptotic behaviors
of Wi(w) and W,(w) are compatible with the predictions of the latter
analysis ].

We turn now to the large-w limit. The large-w behaviors of the various
integrals [{3=® dr cos(wt)--- and [I=® dt sin(wr)--- involved in (4.33) and
(4.34) are easily obtained through integrations by parts. These integrals are
found to decay like inverse powers of w. The dominant contributions in
(4.33) to Re{W,(w)} arises from (I« ds' [T=®) gy... which is O(l/w).
Consequently, we have

Re{ W, ()} = O(1/w?) (4.37)
In (4.34),

{(n+1/2)n/w n/ow
j dt cos(wt) - - - and f dt cos(wt) - - -
0 0

turn out to be O(l/w?); furthermore, the discrete sums Y ,--- and
® ,--- can be identified with Riemann sums and replaced by the

corresponding integrals because the resonant periods T(E, .) and
T,..(E,.) become closer and closer as w increases. This gives

Im{W,(0)} = 0(1/»°) (4.38)

The large-w behavior of the ingredients determining W,(w) can be
obtained by similar techniques. When computing the time integrals
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involved in (4.18), (4.21), and (4.22) by successive integrations by parts,
one has to take into account properly the singular terms arising from the
singularities in the second derivatives of V(s) and y(s) at s=0. This
makes the large-w analysis of W,(w) more cumbersome than that of
Wi (w). We have been content with showing Re{a(x’;w)}=0(1),
Im{a(x', )} =o(1/0*), Re{y(x’, w)}=0(l/w?), Im{y(x’, w)}=o(1/w?).
Since ¥ o(x” —x") + iy p(x", x'; w) is o(1), we see from (4.8) that {(x'; w)
becomes equivalent to y(x’; w) when w — co. Taking into account the
asymptotic behaviors of a(x’; w) abd y(x’; ), we then infer

Re{ Ws(w)} = O(1/0?) (4.39)
Im{W,(w)} = o(1/w?) (4.40)

Inserting (4.37)-(4.40) in (4.2)-(4.4), we finally obtain® s(w)=o(1/w*)
when v — o0.

4.3. The Weak Coupling Limit

Now we study the weak coupling form of s(w)=s(w/w,; ") when
I' >0, the ratio w/w, being kept fixed. The previous limit can be reached
by different ways in the space of the parameters that define the model and
its equilibrium state; all these ways are equivalent insofar as they lead to
the same small-I” expansion of s(w/w,; I'). Henceforth, we shall obtain the
latter by taking the high-temperature limit (8 — 0), the other parameters
being kept fixed.

Let us consider the case of W (w). The small-I" expansion of
Re{ W (w)} cannot be immediately obtained from the expression (4.33),
for the following reason. If we call H(E; w) the term between the braces
{--} in the integral [, dE exp(—BE) {---} of (4.33), we see that H(E, w)
diverges as E'> when E — oo; therefore, the high-temperature expansion of
j",}’(o) dE exp(— BE) H(E; ») involves divergent terms. In order to handle
these terms properly, we first compute the high-energy expansion of
H(E; w), with the result (see Appendix C)

H(E, ») :5"5 <%E> " [1 —%3 j:/z dx V(x)+ 0 (Elfﬂ (4.41)

After splitting the integration range [ ¥(0), oo[ into the intervals [ ¥(0), 0]
and [0, oo ], we add and subtract to H(E, w) the first two terms of (4.41) in
{& dE(—BE) H(E; w). The expression (4.33) then becomes

?In addition to the algebraic terms arising from W,(w), the asymptotic expansion of s(w)
when @ — oo might contain nonalgebraic terms arising from W,(w).
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( )

Re(,() = ~ 2220 exp(pr(0)] | 1-20 [ s v |

dE exp(— BE) H(E; w)

E 1/2
(52)
1 a2
T L dx V(x)]} (4.42)

This expression is particularly suitable for our purpose, because the
principal part in the second term of (4.42) remains finite when § — 0. The
corresponding limit value is merely obtained by replacing exp(— SE) by 1
and V(x) by its weak coupling form, which is nothing but ¥V, (x) (see Sec-
tion 3.2). Using also the small-I" expansions of p(0) and of exp[ fV(0)], we
find

\/7—t e*a’w

_4F3/2P(0) exp[fV(0)] w, {
+f°° dE exp(— BE) [H(E w)—f

Re(W (w))= ——+F3/2r10(w)+0(1"3/2) (4.43)

when I' - 0; r, o(w) does not depend on /" and is given by
0
Fro(®) = { [ aEH(E:w)
\/_ Tea V1(0)

+j dE[HL(E w)— <2i1)1/2

L[4 4.44
+W~fo XVL(X):H (4.44)

where H,(E; w) is computed with the trajectories in the potential F;(x).
The quadratures over [0, T..(E)] involved in H,(E; w) can be performed
in terms of elementary functions because v, (t; E) takes a simple form (see
Appendix C). The principal part appearing in (4.44) is then transformed

into infinite series by using techniques of the theory of analytical functions
(see Appendix D). The final expression for r, o(@) is

oo} & sh[(n+12)nw/w,]
2 (0 +w2)? { §0 ch’[(n+12)r0/0,]
* ch(nrw/w,) }

rl,O(w) =

+ 2

=, shi(nnojw,) (4.45)



Classical Electron Gas 707

The leading term of the small-I" expansion of Im{W, ,(w)} is easily
computed from (4.34) by replacing the temperature-dependent quantities
by their high-temperature limits. In particular, the potential ¥(x), which
determines the trajectories, is replaced by V,(x). We find

Im{W(w)}=TI"i 4(0)+o(I*?) (4.46)
when I"— 0, with

il,O(a)) =

NG S i sh[(n+ 1/2)nw,/0]
2 o0+ wl) {n_o ch’[(n + 1/2)nw,/w]

5 ch3(nnwp/w)} (4.47)
L= shi(nnw, /o)
and where we have used the simple expressions for T (E), E, ., E, ., and

v, (#; E) computed in the ionic potential ¥, (x) (see Appendix C).

Now we consider the case of W,(w). The weak coupling form of the
ingredients determining W,(w) can be studied by methods similar to those
used in the case of W (w). The term between the braces {---} in the
expression (4.18) of a(x’; w) decays like 1/E*? when E — co. This implies
that the corresponding integral {53, dE exp(— pE){---} remains finite when
B — 0. Consequently, a(x’; w) is O(I'*?) when I — 0. Similarly, we obtain
from (4.21) y(x;0)=0("?), while [y (x"—x")+ioyH(x", x'; o)
remains bounded when I"— 0. Therefore {(x'; w) is O(I'"?). Inserting the
weak coupling forms of a(x’; ), {(x"; w), and p(x’) in (4.6), we find

Re{ Wy(w)} = O(I"?) (4.48)

Im{W,(w)}=0(I") (4.49)
when " - 0.

From the weak coupling behaviors (4.43), (4.46), (4.48), and (4.49) we
infer that the contributions of W,(w) to R(w) and I(®w) can be neglected, or
in other words that R(w) and I(w) reduce, respectively, to Re{W,(»)} and
Im{W (w)} up to the order I"*? included.* The resulting weak coupling
form of s(w) is

s(w) ~ I'Pw’iy o)
x (n{(0® — w2)* + 2170 (0* — w?) ry o(w)
+ o[ (@) + 13 (w)]}) ! (4.50)

* This is a particular aspect of a more general result relative to the high-temperature form of
the mean-field solution. Indeed, in the high-temperature limit, the density-response function
2k, @) reduces to') ¥k, w)/[1 — 8.(k) 1¥k, )], where y2)(k, w) is the density-response
function of independent electrons moving in the potential ¥;(x), and W, (w) is nothing but
the contribution of y)(k, w) to s(w).
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when I'—0, where r,4(w) and i, o(w) are given by (4.45) and (4.47),
respectively [both r, ((w) and i, o(w) only depend on the dimensionless
parameter w/w,, as they should]. As I"— 0, s(w) varies more and more
rapidly near the plasma frequency w,. For small finite values of I, s(w)"
exhibit a peak,” centered on the frequency w,, = w,[1 — I'*?r, o(w,)/2], of
height s(w,,)=1/[nI"*w,i, o(w,)] and of width proportional to I'*? (see
Fig. 5). Numerically, it is found from the rapidly convergent series (4.45)
and (4.47) that r,o(w,) =i, o(w,) ~0.0340. Replacing w by w,, + % in
(4.50), we see that s(w) has a Lorentzian line shape in the vicinity of w,,,
ie.,

0,11 0(0,)
(o )~ AT (@) 747 @0
L,

when " — 0. The weak coupling form of s(w) is a positive function of w (as
it should be), which does satisfy the elastic and second-moment sum
rules,® ie.,

jw do> s(w) =1 (4.52)
and
joo do 0*s(w) = »? (4.53)
when I"— 0.

5 Of course, for negative frequencies, s{(w) exhibits a conjugate peak centered on —w,,.

S (W)

0]

0 Cbp

Fig. 5. The qualitative shape of s(w) as a function of w in the weak coupling limit.
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The previous analysis shows that, in the weak coupling limit, the
spectrum of the fluctuations at k=0 is governed mainly by a damped
plasmon mode whose frequency is shifted below the plasma frequency ,.
The shift and the damping are proportional to *?r; o(w,) and 12, o(w,),
respectively. They vanish only at I'=0; s(w) then becomes identical to the
usual expression [dw—w,)+d(w+w,)]/2 corresponding to a
homogeneous electron gas.

4.4, The Strong Coupling Limit

The strong coupling limit of s{w) is defined by taking I"— o0 and by
holding w/w, fixed. As in the weak coupling limit (see Section 4.3), the
former is equivalent to various other limits, in particular the low-
temperature one, § — oo with the other parameters fixed.

When ff— oo, the contributions of the finite-energy trajectories to
W, (w) become exponentially small because of the Boltzmann factor
exp{—pE). Taking into account the strong coupling form (3.16) of V(x),
we have checked that the dominant contributions to W, (w) arise from the
confined trajectories with energies
In(1/2n) <1 42 ln(/tcop/a))>

E(1)=V(0) + e*a——— In(77/27)

T (4.54)

In the parametric representation (4.54), A can take all the positive real
values. The turning point x,,(4) corresponding to E(4) goes to zero when
I'— o (4 fixed) and behaves as 2aiw,/[w(2nI)*], while the period
T,.(4) remains finite and reduces to A/w. Making the variable change E — A
in (4.33), we then obtain

Re{ W (@)} ~ry o, (w)/I? (4.55)

when I - oo. The 7 ,(w) is merely proportional to w,/w with the propor-
tionality constant

8 © 1 ! ¢ 1 2
— ﬁ,@.@ fo di;{—tg A I:JO dé COs <}u J() dé W)jl
L ¢ 1
+j0 d¢ sin <x L A e 1n(1/¢')]1/2>

1 ¢ 1
x|, & cos (i l, % & ln(1/5'>]“"~>

+f dé’jl dé sin (; f dq“”———l—~—>} (4.56)
Jo & g [7In(1/67)1'2 '
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which, if necessary, could be evaluated numerically; note that in (4.56) the
dimensionless parameter ¢ has been introduced by writing x = &éx,,(4),
whereas In(1/£') comes from the large-I” expansion of V(x,(4))—
V(&'x,(4)). In (4.34), one only has to keep the resonant energies E, _,
which obviously correspond to 4, = (n+ 1/2)n. We then find

Im{W(0)} ~ iy (@)/ T (4.57)

when I'— co. Like r, (@), i, ,(w) is proportional to w,/w with the
proportionality constant

% ,20 ;;117 {Jol d¢ cos [(n +—;—> 7 E dé¢ m]}z (4.58)

[this constant could be evaluated numerically as for (4.56)].

In {4.6), the dominant contributions to W,(w) arise from the small
values of x' proportional to 1/\/2: . The large-I" behavior of a(x’; w),
y(x; w), and Yo(x" — x") + iwy p(x", x'; @) for the arguments x’=a§’/ﬁ
and x”=a§”/\/f is computed by keeping only the trajectories with
cnergies given by (4.54). This analysis shows that

y(aé'//T; w)/a
[¥ s(a(Z” — &VJ/T) + iy p(al" /T, ag'//T; ») l/e*a
a(aé'/\/T; 0)a

behave as 1/\/1—" times functions of &, ¢”, and w/w,. Inserting these
behaviors and ap(af’//\/f)~ 1/(£")? in the integral equation (4.8), we see
that C(aé’/ﬁ; w)/a also behaves as 1/,/I" times a function of £’ and w/w,.
Consequently, we find

Re{W,(0)} ~ry o (@)/I"? (4.59)
Im { Wy(w)} ~ by (@) T (4.60)

when I'— oo. Both r, (w) and i, . (w) depend only on w/w,. They are
expressed as integrals similar to (4.6) over &’ running from — oo to co, the
integrants being products of functions of ¢ and w/w,. One of these
functions [coming from the large I-behavior of { (aé’/\/f s w)] is implicitly
defined as the solution of an integral equation. If necessary, a numerical
analysis of r, (@) and of i, . (w) could be easily done.
Inserting (4.55), (4.57), (4.59), and (4.60) in (4.2)-(4.4) we finally
obtain . }
s(w) ___1_ll,oo(a))+12,oo(w) (4.61)

r nw

when I'— co. Thus, at any given frequency w, s(w) goes to zero in the
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strong coupling limit. For I" large and finite, s(w) is small everywhere,
except in a narrow neighborhood of the origin w=0. Indeed, for such
values of I, the asymptotic expressions (4.55) and (4.57) cannot be used for
very small values of w, because both r, () and i, ,(w) diverge as 1/w
when w — 0. This suggests that s(w) should exhibit two conjugate peaks
near w =0 [it must be borne in mind that s(0)=0 for any I"].

The previous results mean that the collective plasmon mode vanishes
when I"— co. In this limit, the spectrum of the fluctuations at k=0 is
governed by individual damped modes corresponding to the confined
oscillations of one electron near its trapping ion.

4.5. Discussion

Unfortunately, a completely unambigous discussion of the mean-fieid
predictions is not possible, because exact (analytic or molecular dynamic)
data relative to s(w) are not available. However, we claim that these
predictions are reliable for the following two reasons. First, they agree,
from a qualitative point of view, with molecular dynamic observations in
two dimensions.”’ Second, they are consequences of physical mechanisms
that are not spurious effects inherent in the mean-field approximation.
Subsequently, we summarize the essential mean-field predictions and we
discuss their physical meaning.

Since s(w) is a well-behaved, nonvanishing function of w, any density
fluctuation at a given frequency w#0 is damped, even in the infinite-
wavelength limit (k=0). This is due to the “friction” of the electrons
against the periodic lattice. This damping mechanism has nothing to do
with the usual Landau damping for a homogeneous electron gas,®?’; in
particular, note that the Landau damping vanishes at £ =0, in contrast to
the present damping, which persists in this limit. In the weak coupling
regime, the charge fluctuations at k=0 reduce to collective plasmon
oscillations: the ionic “trapping” is weak and the electrons tend to behave
as a homogeneous system (with a uniform background) when I"— 0. For I
small and finite, the plasmon mode is shifted and damped because of the
“friction” mechanism. The corresponding shift and damping given by
the mean-field theory should become asymptotically exact when I"—0;
in other words, the leading term of a systematic small-I" expansion of
Sexactl®) should coincide with the mean-field expression (4.51) in the
vicinity of the plasma frequency.® The infinite-wavelength plasmons are

®In the vicinity of @ =0, the mean-field description of s(w) is of course completely wrong,
SINCE Sex,e(0) is always infinite. This defect persists at low temperatures, although mean-field
theory reproduces some qualitative aspects of the strong electronic localization. From a
technical point of view, this is due to the fact that, however small the temperature is, the
unconfined trajectories give a finite contribution to s(w), which makes s(w) vanish when
w—0.
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increasingly damped and shifted toward zero frequency as the coupling
strength increases, due to a gradual “trapping” of the electrons by the ions.
In the strong coupling regime, the plasmon mode vanishes. The charge
fluctuations then arise from small oscillations of one electron in the binding
potential created by its trapping ion. Like the mean-field expression of
S(@), Sexaei(®) should vanish everywhere when I"'— oo, except in a narrow
neighborhood of w=0 [s..,(0) is infinite for any I'J. However, the
analytic structure of the strong coupling form of s,,,.(w) is surely different
from the prediction of the mean-field theory.

Although the mean-field description of s(w)} turns out to be quite
reasonable, this description might suffer from the following defects. Indeed,
except in the weak coupling limit (see Section4.3), the mean-field
expression (4.2) might take negative values and violate the elastic and
second-moment sum rules (4.52), (4.53). Note that (4.42) is directly
satisfied if 14 R(£2)+ i/(2) does not vanish in the upper complex half-
plane (i.e., for n positive); however, the latter proposition is itself rather
hard to prove, and the validity of (4.52) in the framework of the mean-field
approach remains an open question.

5. CONCLUSION

The present analysis shows that mean-field theory gives a coherent
and reasonable description of the static and dynamic properties at finite
wavelengths or finite frequencies. This is due to the fact that mean-field
theory takes into account, at least qualitatively, the static “trapping” of the
electrons by the ions, as well as the dynamic “friction” of the electrons
against the periodic lattice. The combination of these mechanisms leads to
the following mean predictions. In the weak coupling regime, where mean-
field theory is expected to be asymptotically exact, the electrons are
“weakly” localized. Then, the collective plasmon mode, which essentially
governs the spectrum of the fluctuations, is damped and shifted below the
plasma frequency. As the strength of the coupling increases, the electrons
are more and more trapped by the ions and the plasmon mode gradually
vanishes. In the strong coupling regime, the system behaves as an ensemble
of independent oscillators corresponding to the individual motions of the
electrons near their trapping ion.

The success of the previous mean-field predictions is not inconsistent
with the failure of mean-field theory to predict the phase of the system
(which is always dielectric™®). Indeed, the latter is determined by the
small-k or the small-w behaviors of S(k} and s(w), respectively. A correct
description of such behaviors must include correlations or electron—
electron collisions,""” which are precisely neglected in the mean-field
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approach. For k and w finite, these collisions do not have a crucial effect
upon the qualitative behavior of S(k) and of s(w).

Since the “trapping” and “friction” mechanisms are present in any
dimension, the qualitative mean-field predictions, as well as their reliability,
should not depend much on space dimension (except for the predictions
regarding the phase of the system,) of course). In a forthcoming paper
(referred to as paper III), we shall study the accuracy of the mean-field
solution through a quantitative comparison with molecular dynamic results
in two dimensions.

APPENDIX A

In this Appendix, we solve the mean-field equilibrium equations that
determine p(x) and ¥(x). First, let us consider the second-order differential
equation (3.5) for V*(x)= B[ V(x)— V(0)]. Multiplying each side of (3.5)
by dV*/dx and integrating from 0 to x, we obtain

L[ /dV*\?
3| () -t | = oot vrwi-1) (A

with the help of the boundary conditions (3.6) and (3.7). Because
dV*/dx(0" )= fe? is positive, V*(x) necessarily increases when x increases
near x =0. It can be checked by using (A1) that dV*/dx is in fact positive
for x < x, and vanishes at x = x,, where x, depends on ¢. For x < x_, (Al)
is integrated as

fy*(X) d 1
o Texp(—u)— L+ Tj4c]”

2ery2 (A2)
a
and x. 1s given by

X

=5y @ 1 A3
<2y u[exp(-u)—1+F/4C]1/2 (A3)

with u, = —In(1 — I'/4c). The quadratures appearing in (A2) and (A3) can
be computed in terms of elementary functions by switching from the
variable u to the variable w= [exp(—u)— 1 + I'/4c]"2. This gives

V*(x) = —1n<1—£)

r 172 Fl/Z X
—In<1+tg’ —— ) ———(4c—-D)"*=
n{ +tg [arctg <4c—F> 3 (4c—T) aJ} (A4)

822/49/3-4-20
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for x < x, with

2 I 1/2
=y () (A2

For x> x., dV*/dx becomes strictly neative and V*(x) is given by an
expression different from (A4) (it is not necessary to write this expression
here).

Up to now, ¢ is a free parameter. This parameter is determined by
imposing the neutrality constraint (3.10). By virtue of Gauss’s theorem, this
constraint is equivalent to setting dV*/dx(a/2)=0, or, according to the
previous analysis, x, = a/2. This gives the transcendental equation (3.11) for
c{I'). Replacing V*(x) by (A4) in (3.8) and (3.9), we finally obtain the
mean-field expressions (3.12) and (3.13) of p(x) and V{x), respectively.

X

APPENDIX B

In this Appendix, we study some properties of T(k). First, we consider
the qualitative variations of 7(0) as a function of I. When I" - 0, 7(0) goes
to 1. The small-I" expansion of T(0) can be easily obtained through the
perturbative series

TO)=1+ Y (<1 [ drdx, - dx, p(x)
n=1 (Wsyr+!
n—1
X H Px 1) Ys(X; 01— X)) (B1)

(xo=x). The order with respect of I" of each term of (B1) is determined by
replacing p(x;) by its small-I" expansion (3.15). Taking into account

By s(s)=T(1/6—Is|/a+s/a®),  Is|<af2 (B2)
and
| asygs)=0 (B3)
ws
we find

(_l)nﬂnf dX---=0(F2n+l)

(WS)"‘H
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Therefore, the first correction to 1 in (B1) is given by the term n= 1, which
is O(I"), ie.,

B o B ) PO Wstor =)

~ B[RS s Yt =) (B4)

Using the Fourier decomposition of y ¢(s),

Usls)= Y ¥snexp(iG,s) (BS)

n= —ao

with /5, =0 and 5, = e’a/(2n%n?) (n #0), we rewrite (B4) as
~B [ dxdx, p(x) plx) ¥s(x,— %)
(ws)?

- 21 r’
~=B Y U= Y= (B

Using (B6) in (B1), we obtain the small-I" expansion (3.26) of T(0) up to
the order ™ (note that this expansion is an entire series with respect to I').
In order to study the large-I” behavior of T(0), it is useful to consider the
expression

1(0)= | dx plx) &(x) (B7)

where &(x) is the solution of the integral equation

) =1 ] dx &) plx) Yslx' =) (B8)

When I" — o0, p(x) becomes very sharp near x =0 and varies rapidly in a
narrow interval of x =0 whose amplitude is proportional to 1/I7 at the
same time, for x finite, p(x) goes to zero and is O(1/I'). Inserting these
behaviors in (B8), it can be checked that &(x) is O(1/I') in the previous
interval and remains finite for x finite. We then see from (B7) that T(0) is
O(1/I'y when I'> oo [the 1/I" contributions to 7(0) arise from both
regions x=0(1/I") and x finite]. This strong coupling behavior and the
weak coupling expansion (3.26) suggest that 7(0) has the qualitative shape
drawn in Fig. 3.
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Now, we compute T(G, + ¢) (n #0, |g| < n/a) in terms of the functions
1m(X; q) defined as the solutions of the integral equations (3.22). Replacing

Ys(x'—x; G, +q) by
Ys(x'—x; G, + q) = pd(q) exp[iG (x' — x)] ~ p.(k)
+¥s(x'—x; q) exp[iG,(x' — x)] (B9)
in (3.19), we obtain (k=G, + ¢)

stk =| 1452 700 | exptic 0 B v,k

~B a0 PV ~x ) (BLO)
with
£l K) = ¢(x; k) expliG, x) (B11)

and
U, (k)= jws dx &,(x; k) p(x) (B12)

Since (B10) is an inhomogeneous linear integral equation for £,(x; k) with
the same kernel as (3.22), ¢,(x; k) reduces to the following linear com-
bination of #,(x; ¢) and 74(x; q):

2
Kp

L= 14270 |0 - S v @)

Furthermore, U, (k) can be expressed in terms of T(k), T, 00(q), and T, 4(q)
by replacing &,(x; k) by (B13) in (B12). This gives

_ I +xpT(h)]
Un(k) = k2[q2 -+ KZD To’o(q)]

Using (B11) and (B14), we infer from (B13)

T.0(q) (B14)

S(x; k)= [1 + ’7?23 T(k)} 1.(x; q) exp(—iG,x)
kp[k* 4+ k3, T(k)]

R )] o) o @) xp(— G, x) (BIS)
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The substitution of &(x; k) by (B15) in (3.18) gives an algebraic equation
for T(k) whose solution in terms of T4(q), T,0(q), To.(q), and T, ,(q) is
the expression (3.23).

The weak and strong coupling behaviors of 7(G,) (n#0) are deter-
mined through methods similar to the ones used previously in the case of
7(0). In the weak coupling limit, we start from the perturbative represen-
tation of 5,(x)=#,(x;g=0), ie

1) =exp(iG,x) + Y. (—1)B7 [ dx, - dx, exp(iG,x,)
p=1 (WSy
p—1
x IT p(x; 4 ) sl —x)) (B16)
j=0
which gives

1.(x) = exp(iG,x) — Pirs _, exp(iG,,x) + B% _, exp(iG,x)

B exp(iGyx) S Usmibs, monexp(iGux)+ OB (BIT)

m= —a0

with the help of (3.15) and of (BS). Inserting (B17) in the definition (3.24)
of T, ,,(0), we obtain

To(0)=T(0)=1+0(I"?)

F 2
TO n( ) 2n2 4 4n4 + 0(F3)
, (B18)
r r

Tn,o(0)=m“m+ o(r?)

2

r r
“Zer g O

T,.0)=1
when I — 0, which leads to the weak coupling expansion (3.27) of 7(G,).
In the strong coupling limit, #,(x) has a behavior similar to no(x) = &(x):
n.(x)is O(1/I) in a narrow neighborhood of x =0, and remains finite for x
finite. Therefore 7,,,(0) is O(1/I'), and then T(G,) is also O(1/I') when
- oo ({like 7(0)]. A similar analysis of T(G,+¢q) shows that
T(G,+q)—1 is O(I*) when I'>0, while T(G,-+q) is O(1/I') when
I'—> oo, The fact that T(G, +g)—1 goes to zero faster than T(G,) when
I' - 0 might constitute a precursor sign of the onset of oscillations in 7(k)
for finite values of I
For studying the large-k behavior of T(k), it is sufficient to consider
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the limit of 7(G,+¢q) when n— oo for any given g in BZ. Defining
n{®(x; ¢) through

1a(x; ) = exp(iG,x) + n{P(x; q) (B19)

we see that #{®)(x; q) is the solution of the integral equation
MO0 )= 8,0 q) B[ ax n(x'sq) p) rslx —x:q) (B20)

with
B,(xiq)= B | _dx'exp(iG,x) (') Yolx' — i )

= Ba S (@) PnexP(—iGyyx) (B21)

= —o0

Since both Fourier components of g and p(x) go to zero for large
wavevectors, J,(x;g) goes to zero everywhere (uniformly in x) when
n — c0. This implies a similar behavior for #®(x; q) and consequently we
have

1a(X; g) = exp(iG,x) + o(1) (B22)

when 7 — co0. Using (B22) as well as the decay of the Fourier components
of p(x) and ny(x; q) for large wavevectors, we find

T,0(q) >0
Ty,.(q)—0, when n— © (B23)

T..(q)—1

Using (B23) in (3.23), we finally obtain lim,_, ., T(G,+q)=1, which
shows that T(k) goes to 1 when k — o0.

APPENDIX C

In this Appendix, we study some properties of the trajectories in the
mean-field equilibrium potential V(x). First, we compute the Jacobian
J=D(x, v)/D(E, t,) of the transformation (x, v) — (E, t,,). It is convenient
to rewrite J as

J=[D(E, 1,,)/D(x, v)] "

oFE

ot,, -1
o (x, U)E (x, v) (C1)

0E ot
= a(xa U)E(x’ v)—
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One obviously has 0E/0x(x, v) = dV/dx and 0E/dv(x, v} = mv. Furthermore,
after rewriting ¢, as

o m 172
tm(x, U)= Tce(E(X, U))+J; dx (m) (CZ)
we find
ot,, 0E che m'? 1
T2 o) =g (o) { G =T [ @ B V) -1 (©3)
and

ov

22 o) = 50 (0 { -

A R

Using (C3) and (C4) in (C1), we obtain J=1/m.

Now, we study the variations of T..(E) when E varies from V(0) to .
We immediately see from (4.11) that 7..(E) monotonically decreases from
oo to 0 when E varies from 0 to «w. For E<0, we need to compute
dT .. /dE. In order to avoid the divergent terms that would appear in a
direct differentiation of (4.11) with respect to E, we first proceed to an
integration by parts, with the result

T (E)=

LB VON)Z ooty LV OmLE— Vi) ]}
0

dV]dx(0") (dV]dx)? (€5

Taking the derivative of (C5) with respect to E, we find

dT., (m\"? 1
dE (5) (dV/dx(O* WE—V(0)]*~2

Xl E) d*Vidx?
__fo dx (@V/dx ' E— V(x)]1/2>

(C6)

Since d*V/dx* is negative in the interval ]0,4/2] [see Eq.(3.5)] and
dV/dx(0*) is positive, dT,/dE is positive for E<O0. Therefore, T (E)
monotonically increases from 0 to oo when E varies from ¥(0) to 0.

The leading term of the asymptotic behavior of T..(E) when E -0 is
computed by replacing V(x) by

1d%V (a a\?
5@(5)("*5) €D
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in (4.11). This gives

() - mis2 | [az |2V /dx*(a)2)|

2|8 Vidx*(a/2)|? n ] :l +const  (C8)

when E—0 [d°V/dx*(a/2) is negative]. When o — 07, the resonant
periods diverge and the corresponding resonant energies E, _ and E,. go
to 0. According to (C8), E, . and E, . behave then as
const -exp[ — (2n + 1)x |d*V/dx*(a/2)|V*/(m"*w)]
and
const -exp[ —2nn |d*V/dx*(a/2)|*/(m'?w)]

respectively. This implies

dT.,, |d?V/dx*(a/2)|*
7B (E, .)~const-exp [(2}1 +1)rn ———WJ

(C9)
dT,

ce

dE

m'%e

2 2 12
(En,> ) ~ const - exp I:Znn Wil

when @ — 0*. The asymptotic behaviors (C9) are also valid in the limit
n— co, the other parameters being kept fixed. Note that this ensures an
exponentially rapid convergence of the series that determine the imaginary
parts of the mean-field quantities [see, for instance, the expression (4.34) of
Im{W,()} 1.

Since ¥(x) is bounded, in the limit £ — co the laws of motion x(f; E)
and u(t; E) can be computed by perturbative techniques, where the
reference laws x,(f; E)= (2E/m)*t=vyt and vy(t; E)= (2E/m)? =v,
correspond to free motion. Starting from the conservation of the energy, a
straightforward calculation leads to

s )=(£) {1 - Ll

2F
1 [dV vt V2 1
+m [E (vo?) J.O dx V(x) ——%v-(-)——t—)] +0 (F)} (C10)
vyl 1
x(z; E)=vot—%fo dx V(x)+0<ﬁ> (C11)

and

o 3() odlesod)]
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[the perturbative expansions (C10) and (C11) are valid for v, fixed J. The
large-E behaviors of the various time integrals {7«(®)dt involved in the
mean-field expressions directly follow from (C10)~(C12).

Finally, we integrate the equations of motion in the case where V(x)
reduces to V,(x). Here ¥,(x) is the reunion of arcs of parabolas with a
negative curvature [see (3.14)] and the force F,(x)= —dV /dx takes the
linear form F,(x)= —e*(1—2x/a) in the interval [0,a]. Newton’s
equation then becomes a second-order linear differential equation with
constant coefficients, which is merely integrated in terms of exponential
functions. We find

2ENL2 2
<—’——’) sh{w, T, (E)—w,t], ——<E<0
v (8 E)= NN (C13)
(—;1—) chi{w, T (E)—w,t], 0<E
for 0 <t<2T,, ,(E) with
1 2 1/2 2
— argch ¢d , —E—E<E<0
w 4|E| 4
T (E)={ 7 (C14)
, 1 " e2a\ 112 0 E
-a-);args <ﬁ) s <
[V.(0)= —e%a/4]. The resonant energies in ¥, (x) are explicitly computed
from (C14) as
e’a
E = — 15
e 4ch’[(n+1/2)nw, /0] (C13)
and
¢4 (C16)

E_——%
»7 4shi(nrw /o)

Using (C15) and (C16) in the derivative d7 . /dE calculated from (C14), we
obtain

drT,, , 2 ch’[(n+12)nw, /o]
e, E — p
dE (£,.<) w,e*a sh[(n+1/2)nw,/o] (C17)
and
T, B 2 sh’(no,/w)
dE (En>) = -wpeza ch(nnw,/w) (C18)

Th_e explicit expressions (C13)-(C18) allow one to derive simple represen-
tations for i, o(w) [see (4.47)] and r,4(w) (see Appendix D).

822/49/3-4-21
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APPENDIX D

In this Appendix, we express ro(®) in terms of infinite series whose
convergence is exponentially rapid. We start from the expression (4.44) for
rio(). In both integrals [, dE H (E; ) and (& dE [H(E; w)+ ---], we
switch from the variable E to the dimensionless variable u=w, T, ;(E).
Using (C14), we find the Jacobian |dE/du| of this transformation,

e’ashu
iE| V7w E<° b1
dul ) e’achu 0<E (D1)
2 sh’

while the explicit expression (C13) for v,(t; E) allows us to compute the
time integrals [J«:® dt... in terms of hyperbolic functions. The resulting
expression for r; o(w) is

Y02 —o?)

"10(‘0)—12\/— wz(wp+w2)z

w5 fw d shut uw
2\/— o(w? 4-(1)2)2 hu T o

14

5

1 w o chu uw
— £ PP du—r— tg —
2 /n w(wg +w2)2 4(0 u sh’u (CO g ,
2 2
_ D oth ut L2 u) (D2)
w 3w,0 .

The first principal part appearing in (D2) is transformed as follows.
Let 2, , be the contour shown in Fig. 6. We have

g"@j du sh u uw
y4
1 . sh Z zZm
=2 Re (6112)1+ f dz ——— h3 p)
0] 1
=—Re{| K d:
4o, © <e_1§)1+ o, “oh% cosz(zw/a)p)> (D3)

where the last line results from an integration by parts. The function
1/[ch’z cos’(zw/w,)] is analytic in the upper (Imz>0) complex half-
plane, except at the points in(n+ 1/2) (n a positive integer) located on the
imaginary axis, which are double poles. Furthermore, since this function



Classical Electron Gas 723

1
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P o fD'ﬁ o € N U
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_27twp/w ’ 0 27w/
TTwp/w TEwp/w

Fig. 6. The oriented contours %, , and %,, in the complex plane (i, ).

satisfies the hypothesis of Jordan’s lemma on the big half-circle C, =
{z; |zl = Nn and Im z > 0}, the integral [, dz---appearing in (D3) can be
computed by the theorem of residues. This gives

shu  uo nw® & sh{(n+1/2)nw/o,]
2 o r 4
7 fo W e, e ,EO DLt Drojw,] OV

In order to obtain an expression for the second principal part of (D2)
similar to (D4), we first rewrite the latter as

h u cot. o coth + 2+a) >
———= u u
h3u £ w, o 3w,w

w? o chu uw o) »
li PP —— — £ 5
@ T [ L du Shin Ot <(up> 3wsd T 3mpa] (D3)

where we have used

_a) —
T 6w

e

f]

foo ch’s  che +lcoth8 1 1 +1 1+0 )
U ——— = —— —_— fu— j—
. sh®y 3sh’ 3 3738 3 3 (e
h 1 11 1 (D6)
© chu
J; du-smu ) hz + coth ¢ — §=;—§+0(8)
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Let C, be the little half-circle C, = {z; |z| =¢, Im z>0} oriented clockwise
and let 2,, be the contour shown in Fig. 6. Since

a2 S cotg 22— — 22
3z 0%, 3a)s3+3a)p£+ Ote) (D7)

_[ ch z zZw 2w, 2w
c: >

we see that (D5) reduces to

Z_w? 1 h
CU”*w+—Re< lim dzc—;cotg £>
6w, 2 e-0+Jg,, - sh’z ,
w:-0® o
=—£_—— - Re| lim dz —————
6w, 4w, e(e—.w @, ? Sh%z s1n2(za)/cop)>

(D8)

After calculating the integral of 1/[sh’zsin*(zw/w,)] along 2,, by the
theorem of residues, we find

o) h 2 2
22| St cotg ) W/ cothu+———w”+w u
3
0 sh u , ) 3w,

_wl-w’ 710’ & ch(nmo/o,)

- - L sh*(nnw/w,)

D9
6w, w, = (D9)

Using (D9) and (D4) in (D2), we finally obtain the expression (4.45)
for rio(w). Note that the series >’ --- and 3®_, --- converge exponen-
tially rapidly. This allows simple and accurate numerical calculations of

riolw); for instance, r,q(w,) is determined with an absolute accuracy
smaller than 10~ by only keeping the first two terms of the previous series.
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